Abstract: In hydrodynamics the existence of an entropy current with non-negative divergence is related to the existence of a time-independent solution in a static background. Recently there has been a proposal for how to construct an entropy current from the equilibrium partition function of the fluid system. In this note, we have applied this algorithm for the charged fluid at second order in derivative expansion. From the partition function we first constructed one example of entropy current with non-negative divergence upto the required order. Finally we extended it to its most general form, consistent with the principle of local entropy production. As a byproduct we got the constraints on the second order transport coefficients for a parity even charged fluid, but in some non-standard fluid frame.
Introduction
In fluid dynamics the basic input are the constitutive relations where the conserved stress tensor and the charge currents are expressed in terms of the fluid variables like velocity, temperature, chemical potentials etc. Each independent term in the constitutive relations is multiplied by some transport coefficient. Generically it is very difficult to compute the transport coefficients from microscopic theory and mostly they are determined from experiments. Therefore it is always useful to constrain the number of independent transport coefficients using some general physical principles.
We do not yet know the exhaustive list of such principles that we should impose on the most general set of constitutive relations. However we know some of them and we often observe an overlap between the constraints determined from two different sets of physical requirement.
Existence of an equilibrium partition function and the existence of an entropy current with non negative divergence are two such physical requirements which, in every worked out examples, have produced overlapping constraints on the space of all possible transport coefficients (see for instance [1] , [2] , [3] , [4] , [5] , [6] , [7] , [8] ). [9] has explored the reasons for such an overlap and also formulated an algorithm to construct an entropy current from the partition function of the system.
In this note we shall use this algorithm to construct the entropy current for charged fluids at second order in derivative expansion. This is a much more complicated example than the one shown in [9] and it will involve many subtleties, though we shall restrict ourselves only to the parity even sector. In particular our analysis is insensitive to any anomaly that a general fluid might have. For our case the stress tensor and the current will be exactly conserved.
The main purpose of this note is just to show how the algorithm described in [9] works out for some complicated partition function. However, since we have chosen our system to be the charged fluid (with a single abelian charge) at second order in derivative expansion, it also implicitly generates a set of physical constraints to be imposed on the transport coefficients at this order, though the constraints are not going to be in any standard fluid frame.
Had our purpose been to constrain the transport coefficients of the second order charged fluid, we would have fixed a standard frame. Then only we would have been able to compare our results with what found in literature(for example the holographic computation as done in [10] , [11] , [12] ). Similar analysis, using the existence of the partition function, has already been done for 2nd order charged fluid in the parity odd sector (see for instance [13] , [14] ). But here we shall restrict ourselves just to the implementation of the algorithm as described in [9] . We shall leave the full analysis of the charged fluid for future work. Also our analysis is restricted to fluids in four space-time dimension. But particularly in the parity even sector, it is almost no work to extend this analysis to other dimensions, at most few numerical factors will change in the final answer.
It turns out that for parity even charged fluid at second order in derivative expansion the most general equilibrium partition function (on any static background with curvature small enough to be expanded in terms of derivatives) could have 7 parameters that are free functions of local temperature and the chemical potential. Therefore the non-dissipative part of the stress tensor and the current( the part that does not vanish in equilibrium) is completely determined in terms of these seven parameters. The entropy current that we have determined from the partition function also has these same seven parameters. Apart from these coefficients the entropy current could also have 10 free functions which are not determined by the partition function. We have called these free parameters as 'ambiguity' in the prescription we used to determine the entropy current. But this is not a contradiction since using the algorithm (as described in [9] ) we can construct one example of the entropy current with non-negative divergence upto the given order. There is no claim for uniqueness.
So finally we have determined the most general possible entropy current that would be consistent with the requirement of local entropy production. It has 17 parameters. As mentioned before in all our calculation we worked in a very nonstandard half-fixed fluid frame. Our choice of frame is well-defined when the system is in equilibrium. But outside equilibrium we have assumed the most general possible extension of this frame without fixing to anything particular Here J µ can is the canonical part of the entropy current defined in terms of the 'nonideal' part of the stress tensor and the current. S µ is the piece that is determined using the partition function. S µ zero−divergence ans S µ B together captures the 'ambiguity' i.e. the terms that could not be fixed from the principle of local entropy production alone. Below we are giving explicit expressions for each of these four terms. 1 Since we have restricted ourselves to parity even fluid without any anomaly, it turns out that the expression for the second order corrections to the entropy current (the 'non-canonical' part) is frame-invariant. This is a very special feature of non-anomalous fluids at second order. The main reason is that in this case the second order correction is actually the leading correction in terms of derivative expansion
Here s is the entropy density of the system. u µ , T and ν denote the velocity, temperature and the chemical potential of the fluid respectively. π µν and j ν collectively denote all the derivative corrections to the stress tensor and the charge current respectively.
Here D µ denotes the covariant derivative with respect to the background metric. K T , K c , K cT , K f , K F f and K F are arbitrary functions of T and ν. Rest of the notations are defined below. 
Here also a i 's and b i 's are arbitrary functions of temperature and the chemical potential and we have used the following notations.
Equations (1.1), (1.2), (1.3) and (1.5) are the main results of this note.
As we have explained before, in the course of computation we have also found the constraints on the transport coefficients for the charged fluid at second order in derivative expansion, but in a non-standard frame. Just from symmetry analysis we could have 24 independent transport coefficients that would multiply 'non-dissipative' terms (terms that do not vanish in equilibrium). These are the ones that we can constrain from the analysis of the partition function or the entropy current [4] . Here we have determined how these 24 coefficients could be expressed in terms of the 7 parameters of the partition function. So we have implicitly found 17 constraints on the most general set of constitutive relations. These constraints are described in section(4)(see equations (4.2),(4.3),(4.4),(4.5),(4.6),(4.7) and (4.8)). The organization of this note is as follows. In section(2) we shall briefly describe the set up and the method to be used in determining the entropy current. In section(3) we shall write the most general partition function for the charged fluid at second order in derivative expansion and shall derive the equilibrium values of the stress tensor and the charge current from it. In section(4) we shall determine the most general covariant form of the stress tensor and the current that are consistent with the ones derived from the partition function. In section(5) we shall construct one example of the entropy current using the partition function. We shall also compute its divergence to explicitly show that it is non-negative upto the required order. In section (6) we discuss the ambiguities involved in determining the entropy current and shall extend it to the most general form. Finally in section (7) we conclude and discuss the future directions. In this note, our analysis will be restricted only to the parity even sector of the charged fluid.
The method
In this section we shall briefly describe the set-up and the method that we are going to use to determine the entropy current. We shall simply state the steps we need to follow without giving any justification. See [9] for more detailed explanation.
The basic set-up
As mentioned in the introduction (section 1), in this note we shall study a charged fluid at second order in derivative expansion. For such a fluid system the basic variables are fluid velocity (u µ ), temperature (T ) and chemical potential (µ or ν =
µ T
).
The fluid lives on a slowly varying but otherwise arbitrary background metric denoted as G µν and in presence of a background abelian gauge field whose field strength is denoted as F µν . As usual this background electromagnetic field should also have a slow dependence on the space-time so that the whole system remains in the 'fluid regime'. This means that the stress tensor and the current of this system should always admit a derivative expansion when expressed in terms of the fluid variables. We shall decompose the stress tensor and the current into an 'ideal' part (that is without any derivatives) and a part involving derivative corrections. The 'correction' part can be further decomposed depending on the number of space-time derivatives.
Here E, P and Q are the energy density, pressure and the charge density respectively which are related to temperature (T ), chemical potential (ν) and entropy density (s) through thermodynamics.
π µν and j µ contain the derivative corrections to the stress tensor and the current. They can be further decomposed as
where each term in π µν (i) and j µ (i) will have exactly i space-time derivatives. Existence of an entropy current with positive divergence and the existence of a partition function impose several constraints on π µν and j µ independently at each order. The constraints on π µν (1) and j µ (1) have already been analysed in great detail in many places. In this note we shall analyse the next order.
However (as we have already mentioned) here our aim is not to determine the constraints on π µν (2) and j µ (2) , rather we would like to determine an entropy current whose divergence is non-negative on any consistent profile for the fluid variables upto third order in derivative expansion.
The algorithm
Our starting assumption will be about the existence of equilibrium. We shall assume that the fluid equations will admit at least one time-independent solution when studied on a time-independent background. We shall also assume that it is possible to generate the stress tensor and the current evaluated on this particular solution from some partition function, which is a functional of the background and its derivatives.
The algorithm has two parts. In the first part we shall use the equilibrium partition function for the system to partially fix the entropy current. In the second part we shall extend it by adding further corrections so that its divergence is positive definite upto the required order.
We shall write the entropy current as a sum of three terms (each terms has an independent derivative expansion).
Here the canonical part of the entropy current is denoted as J µ can . This is completely fixed in terms of the derivative corrections to the ideal part of the stress tensor and the current. The divergence of J µ can can also be computed exactly using the fluid equations and thermodynamics.
In equation (2.4) we have used the following standard notations and definitions for various expressions.
Here D µ is the covariant derivative with respect to metric G µν
The term S µ will be determined using the partition function and J µ ext are the corrections that we need to add finally.
Part-1: Determining S µ
This is the first part of the method where we shall use the equilibrium partition function. We need to characterize the most general form of the partition function at the given order we are interested in. The partition function will be a functional of the background metric and the gauge field, in a time independent situation. So the first step would be to write down the most general time independent background metric and the gauge field.
Inverse length of the time circle = T 0
Holonomy around time circle at = A 0 (2.6) '∇ µ ' denotes covariant derivative with respect to the full metric 'G µν ' and '∇ i ' denotes covariant derivative with respect to the spatial metric 'g ij '. For the fluid variables we shall use u µ , T, µ to denote the 4-velocity, temperature and the chemical potential respectively. u µ is normalized to (−1). Instead of µ we shall often used ν as the independent variable, related to µ as ν = µ T . Let us also fix some notations that we shall use later.
In general if B(u µ , T, ν) is some arbitrary function of fluid variables then byB we denote the same quantity evaluated on {û µ ,T ,ν} and the background as given in equation (2.6).B = B(û µ ,T ,ν)
We should be able to write the most general partition function as a functional of T ,ν,â i . A i and their derivatives. We shall denote the partition function as W .
where L k is a local function ofT ,ν,â i . A i with exactly k space derivatives. In the last equality we have denoted the sum of all the L k 's with one or higher value for k as L pert . Each L k must be a scalar under the following two diffeomorphism and the abelian gauge transformation.
These symmetries will restrict the number of possible terms at any given order. Once the partition function has been fixed upto the required order in derivative expansion we have to perform the following operations on it to determine S µ .
1. We shall determine the variation of W under small fluctuation (only upto linear order) of the background fields. We shall denote it as δW . From general principle we know [4] , [9] we can always rewrite δW as
whereT µν andĈ µ are the stress tensor and the current of the fluid evaluated in equilibrium. The last term is the boundary term which we usually ignore when we are interested in the constraints on the stress tensor and the current. But to determine the entropy current we have to pick up just the boundary term.
From equation (2.6) it is clear that the different components of the metric fluctuations could be expressed in terms of δT , δâ i and δg ij and similarly the gauge field fluctuations could be written in terms of δν and δA i . By constructionĴ i will be proportional to all these fluctuation.
2. Now we shall introduce a very slow time dependence ( much much slower than the space variation) in all the background fields. In other words, we shall makê T ,â i ,ĝ ij ,ν andÂ i dependent on both space and time but with the constraint that
3. Next we shall replace all the fluctuations inĴ i as the time derivative of the corresponding background field.
4. Now we shall fix a very specific currentŜ µ whose space components are given by the boundary terms generated in the variation of the partition function with the replacement as given in (2.9) implemented. The time component of this current is identified with L pert .Ŝ
5. Finally we demand that S µ should be such that when evaluated on {û µ ,T ,ν} (with all background functions being time dependent in a manner introduced in the previous steps) it reduces toŜ µ upto order O(∂ 0 ). We should emphasize that this condition might not fix S µ uniquely. But we shall see that using some appropriate addition of J µ ext any choice of S µ could finally be extended to an entropy current with non-negative divergence .
Part-2: Determining J µ ext
Once we have chosen a form of S µ , our goal would be to add appropriate terms to the entropy current so that full divergence could be re-expressed as sum of squares upto the required order in derivative expansion. We shall call these extra terms together as J µ ext . The form of J µ ext will depend on the divergence of (J µ can + S µ ). So in the second part of this method our first job would be to compute this divergence.
In equation (2.4) the divergence of J µ can has already been computed exactly and the answer is given in terms of π µν and j µ . However, to cleanly analyse the positivity of the divergence we need an expression in terms of the on-shell independent fluid data. Hence we need an explicit parametrization of the stress tensor π µν and the current j µ in terms of the independent transport coefficients (multiplying every possible on-shell independent tensor and vector structure appearing in π µν and j µ respectively). For this, we have to count and list the independent fluid data upto some given order in derivative expansion using the symmetry of the system. Ideally we should also fix to some fluid frame. But to keep the discussion general, we shall choose not to fix it except in strict equilibrium. Therefore our parametrization of the stress tensor and current will have some redundancy. Some of the transport coefficients will not be physical as they can be absorbed in a redefinition of velocity, temperature or chemical potential at derivative order. Also our parametrization should be compatible with the existence of the partition function i.e. if we evaluate π µν and j µ in equilibrium it should reduce to what we find by varying the partition function with respect to the metric and gauge field respectively as mentioned in equation (2.8) .
Problem of finding an appropriate parametrization for the stress tensor and the current is similar to the problem of finding an expression for S µ since in both cases we know the answer in certain limit. So for the stress tensor and current also we could use the same replacement rules as given in (5.9).
Once the stress tensor and the current have been properly parametrized, we shall have an explicit expression for the divergence of the canonical entropy current in terms of the independent fluid data only. The same could be done for the explicit divergence of S µ . Now the construction of J µ ext will depend on the expression for the divergence of (J µ can + S µ ). It will be constructed in a way so that the upto a given order the relevant terms in the total divergence could be written as a sum of squares. It has been explained in [9] that it could always be done. Here we shall explicitly see it in the example of charged fluid at second order. The entropy current, thus constructed, will have positive definite divergence in any arbitrary fluid frame.
In the following sections we shall implement these methods to construct an entropy current for a fluid with a single abelian charge at second order in derivative expansion. As a by product we shall also get the constraints on the second order transport coefficients.
The Partition function and its variation
The equilibrium values for the stress tensor and the current could be determined from the partition function and the entropy current also could be partially fixed. For this we need to take variation of the partition function with respect to the metric and the gauge field.
In this section we shall construct the most general partition function for the parity even charged fluid in an arbitrary static background. We shall take its variation and would determine both the bulk and the boundary term. The bulk term would determine the equilibrium stress tensor and the current and the boundary terms are required for the construction of the entropy current.
The first step would be to parametrize the background in the most general form.
Static metric :
Kaluza Klein Field strength :
Inverse lenghth of the time circle = T 0
Holonomy around time citcle = A 0
Next we need to construct the most general partition function at second order in derivative expansion. It should be a scalar under space diffeomorphisms, KK gauge transformation (coordinate transformation that takes t → t ′ = t+F ( x), x → x ′ = x) and ordinary gauge transformation.
At second order in the parity even sector upto total derivatives we could construct the following seven scalars out of the metric and the gauge field factors that contain exactly two space-derivatives [4] .
So the partition function will have seven independent parameters. For each parameter in the partition function we shall construct a part of S µ that satisfies all the properties mentioned in section (2.2.1). For convenience let us parametrize the partition function at second order in the following way.
From equation (2.8) we see that the equilibrium stress tensor and the current could be generated by varying the partition function with respect to the background metric and the gauge field. Using chain rule of functional differentiation the fluctuations of the background could be expressed as the fluctuations inT ,ν,â i and A i . Then the explicit formula for the stress tensor and the current in terms of the partition function takes the following form.
In equation (3.3) all quantities in the LHS are evaluated in equilibrium. We have used the following notation to simplify the formula.
Now we shall apply equation (3.3) to the partition function as given in equation (3.2) .
As mentioned before, to derive the above equations ((3.4) to (3.8)) we have ignored the total derivative pieces that are generated while taking the variation of the partition function with respect to the background. However for the entropy current it is this total derivative piece that we need to determine. Now we shall write this total derivative piece generated from the partition function as given in equation (3.2) .
Parametrization of the stress tensor and the current
To parametrize the stress tensor and the current upto second order in derivative expansion we need to list all the on-shell independent scalar, vector and the tensor structures that one can build out of one or two derivatives acting on velocity, temperature, chemical potential and the background. Since here we are doing the most general parametrization we shall not restrict ourselves to static metric and gauge field. We shall denote the general weakly curved metric as G µν and the field strength as F µν . For convenience we shall further classify the independent terms into two categories, dissipative (ones that vanish in a static situation) and non-dissipative (ones that do not vanish in equilibrium). Transport coefficients that multiply the non-dissipative terms are completely fixed in terms of the coefficients appearing in the partition function. At this stage we shall assume the most general set of dissipative transport coefficients whereas for the non-dissipative part we shall simple covariantize the answer we found by varying the partition function. In other words here we shall parametrize the stress tensor and the current in such a way that when evaluated on equilibrium the non dissipative part reduces to the equilibrium values as derived from the partition function.
Classification of independent data
To parametrize the stress tensor and the current we need to classify all possible onshell independent terms at first and second order in derivative expansion. First in table [1] we list the data with single derivative. Here Θ, σ µν and V µ are the dissipative terms. If we do not impose the on-shell condition, at this order we could construct two more dissipative scalars, (u.Dν) and (u.DT ) and one more dissipative vector
. These are the dissipative terms that appear in the replacement rule as given in (5.9). But they are related to the scalars and the vectors listed in the table [1] through the conservation equations for stress tensor and current. That is why they do not appear in the list of independent data.
At second order the data can be of two types, ones where both the derivatives act on a single fluid or background variable (I 2 type) and the others which are product of two on-shell independent first order terms (composite data). In table [2] we listed I 2 type terms. In this list the first two scalars, first three vectors and the first two tensors are dissipative.
In table [3] we listed the composite data. There are several of them. In the list the first 5 scalars, first 8 vectors and first 7 tensors are dissipative. 
For convenience, we briefly explain the notations used in table [2] and table [3] .
D µ ≡ Covariant derivative with respect to the metric G µν
In table [4] we have listed only the independent dissipative terms and giving them separate names for convenience. These are the terms which would finally lead to the local production of entropy. 
Stress tensor and Current
Now we shall use this classification of independent fluid data to parametrize the most general stress tensor and the current, consistent with equation (3.4), (3.5) . (3.6), (3.7) and (3.8) . From symmetry analysis we could see that the 'non-ideal' part of the stress tensor and the current have to be of the following form.
along with the constraints
Here A, B, C, H µ , K µ and t µν will be functions of the fluid variables and the background and will admit a derivative expansion starting from terms with single derivative. It turns out that this description has some redundancy as some of the terms could be absorbed in a field redefinition of velocity, temperature and the chemical potential at derivative order. Here we shall only assume that our fluid variables are defined so that they reduce to the {û µ ,T ,ν} in equilibrium. This does not define the fluid variables in a non-equilibrium situation and therefore does not fix the field redefinition ambiguity completely. However in this note our goal is to show that we can construct an entropy current with non negative divergence whenever the stress tensor and the current are compatible with the partition function and the first order transport coefficients satisfy some inequalities. For our purpose it would be best if we could construct such a current in any arbitrary frame. So we shall choose not to fix this redefinition ambiguity and shall work with the form as given in equation (4.2).
As mentioned before in the expression for π µν and j µ it is the dissipative terms that we need to multiply by arbitrary transport coefficients. The non dissipative parts are already fixed in terms of the partition function. Below we shall first write the non-dissipative parts of A, B, C, H µ , K µ and t µν respectively.
By explicit evaluation we can check that the above parametrization of the non dissipative part is compatible with the partition function 2 . We should not also note that this is not unique since addition of any dissipative term to these equations ((4.3) to (4.6)) will not affect the condition that in equilibrium it reduces to what we found from the partition function. But the dissipative part is well-defined and we shall assume the most general parametrization for the dissipative part. Hence a particular choice for the non-dissipative part is allowed without any loss of generality. Now we shall write the dissipative part with arbitrary coefficient for each independent term.
In writing equation (4.8) we have used our knowledge [4] about the most general form of the first order stress tensor and the current in the parity even sector.
The entropy current
As explained in section 2.2.1 we shall decompose the entropy current as
can has a universal formula. S µ could be constructed using the total derivative pieces as described in equation (3.9) . The expression of J µ ext will depend on the total divergence of J µ can and S µ calculated correctly upto third order. We shall see that we can construct J µ ext in such a way so that the total divergence can be re expressed as a sum of squares, upto a certain order.
For this, we need the explicit parametrization of the stress tensor and the current in terms of transport coefficients, which we have done in section (4) 
J µ can and its divergence
In this subsection we shall compute the divergence of the canonical piece of the entropy current. This has already been presented in equation (2.4). We shall repeat the same equation here for convenience.
Now we shall substitute the decomposition for π µν and j µ as given in equation (4.2).
We should note that in equation (5.2) the scalars (u.∂T ), (u.∂ν) and Θ and the vectors V µ and h µ are not independent data. They are related by the equations of motion for the fluid variables. But the equations of motion are heavily dependent on the constitutive relations which we can determine only in a derivative expansion and therefore not known upto all orders. So though the expression of the canonical entropy current is exact as it has been presented in equation(5.2), it will be approximate as soon as we express it in terms of independent data. Next we shall substitute the decomposition of the constitutive relations in dissipative and non dissipative part as we have done in equation (4.8) . In the next section we shall see that the expressions that involve the non-dissipative part will manifestly cancel against the divergence of S µ to all order in derivative expansion. For this reason, we shall not attempt to rewrite this part of the divergence in terms of independent data. We shall use the equations of motion for the rest, which involves the dissipative part of the constitutive relations and shall express it in terms of the independent data. We shall write an expression that is accurate upto third order in derivative expansion. The expression is very messy and not all parts are important for the construction of J µ ext . However we shall try to give a full expression for the divergence in steps and also mention the terms that can potentially violate the local positivity of the divergence.
From equation (5.1) we see that D µ J µ can is a dissipative scalar i.e it vanishes in equilibrium. It will have four types of terms (see equation (5.3) ). One set could be expressed as a produce of a first order dissipative data and higher order nondissipative data. We shall collectively denote such terms as ∆ non−diss . These are the terms which should get cancelled against the divergence of S µ and so we shall not simplify such terms using any equations of motion. The second category is ∆ 2nd−order which consists of terms that can be expressed as a product of two first order on-shell independent dissipative data. By definition, these terms are of 2nd order in derivative expansion. The other two types are denoted as ∆ diss−product and ∆ diss−imp . Both of these consist of terms that are third order in derivative expansion. The terms in ∆ diss−product will always have either two or three factors of first order dissipative data whereas the terms in ∆ diss−imp are of the form of a product of one I 2 type dissipative data and one first order dissipative data. 8) for the definitions of χ, α, β, κ, h and η. These are roughly the transport coefficients at first order in derivative expansion in any arbitrary frame. Now we shall write the expressions for ∆ diss−product and ∆ diss−imp . We shall expand te result in terms of the basis of second order independent dissipative data as listed in table [4] . .8)). We do not need their detailed functional form to construct one example of a consistent entropy current. However, in appendix(B) we have explicitly computed these coefficients using the equations of motion upto the required order.
S µ and its divergence
In this section we shall construct the S µ using the total derivative piece derived in equation (3.9). Next we shall compute its divergence exactly without using any equation of motion. Finally we shall get the full expression for D µ (J µ can + S µ ). We shall explicitly see how ∆ non−disss gets cancelled. S µ has been constructed to ensure this cancellation. See [9] for detailed explanation.
Construction of S µ
According to the algorithm described in section 2.2.1 first we determine what S µ will reduce to when evaluated on {û µ ,T ,ν}. We shall call it asŜ µ . Its zero component is proportional to the 'derivative correction' part in the partition function and the space components are proportional to the total derivative pieces generated in the variation of the partition function (explained in equation (2.10) and the paragraph just above it). Hence the zero component and the space compoenets could be read off from equations (3.2) and (3.9) respectively with the replacement rules as given in equation (2.9) implemented.
Now we we have to covariantize this currentŜ µ to construct S µ . S µ should be such that when evaluated on {û µ ,T ,ν} it should reduce toŜ µ upto order O(∂ 0 ) 2 . Ideally we should write down the most general expression possible for S µ using symmetry analysis and then we should evaluate it on {û µ ,T ,ν} upto order O(∂ 0 ) and finally equating it withŜ µ we should fix the undetermined coefficients in S µ . This is a method which is bound to give the correct answer for S µ and also would cleanly characterize the part in S µ that cannot be fixed using the partition function alone. But for our purpose it is enough to determine one possible S µ satisfying the above condition. It turns out in most cases, onceŜ µ is fixed, we could use some easy tricks to construct one example of S µ , without going into the detailed symmetry analysis. Basically we have to do a series of replacement to obtain a covariant expression for S µ fromŜ µ . The expression ofŜ µ will contain the functions appearing in the background metric and the gauge field and their covariant space derivatives ∇ i or time derivatives ∂ 0 . However due to the diffeomorphism and gauge covariance only some specific combinations of background functions and their derivatives can appear inŜ µ . This simplifies the replacement. Below we are listing some of the replacement rules. These are the rules that we are going to use here. However in every case we should check whether the S µ , thus constructed, is compatible withŜ µ by explicit evaluation.
Applying this set of replacement rules as given in equations (5.9) to the expression ofŜ µ as given in (5.8) we get the following covariant form for S µ .
By construction S µ has the same number of parameters (which are arbitrary functions of T and ν) as that of the partition function as given in equation (3.2). We can explicitly check that when evaluated {û µ ,T ,ν}, the current S µ reduces toŜ µ upto order O(∂ 2 0 ). We should note that this form of S µ is not unique. We could always add terms to S µ that evaluates to O(
is one such term. It is possible to construct many other such examples. Equation (5.10) is just one consistent choice.
Divergence of S µ
Now we have to compute the divergence. This requires a bit of algebra which we have presented in the appendices. Here we shall only quote the results.
In equations (5.15) and (5.16) we have used the following notation
Finally the divergence of the last term is as follows. 
where for any function M(s, Q), DM denotes the following
In the previous subsection we have computed the divergence of (J µ can + S µ ). In this subsection we shall first analyse this expression of divergence as given in equation (5.18) and we shall see that it is not manifestly positive-definite. There are few terms that could locally change the sign of the divergence for some very special fluid profile. Next we shall construct J µ ext to cure this problem. By construction J µ ext will be of higher order in derivative expansion. So if we want to determine the most general entropy current only upto second order in derivative expansion we could ignore J µ ext . The main point is that the divergence of a second order entropy current will be of third order and whether this third order expression could be written in a positive-definite form will depend on the presence of few fourth order terms. We shall show that these necessary fourth order terms could always be generated with arbitrary coefficients by adding an appropriate third order J µ ext . See [9] , [15] , [16] for more elaborate explanation.
But before going to the third order analysis, we have to complete the analysis at second order i.e. we have to first find out the constraints on the first order dissipative transport coefficients. This has been worked out in detail in many places. The conditions should be such that ∆ 2nd−order is non-negative. For convenience, here we are quoting the expression for ∆ 2nd−order .
Now we shall treat σ 2 , Θ 2 and V 2 as three independent functions of space-time. The expression would be non-negative only if each of the three corresponding coefficients is individually non-negative. So finally the condition on the first order transport coefficients are the following.
We shall assume that each of these three coefficients are of order O(1) in magnitude (in terms of derivative expansion they are of order O(∂ 0 )). Now, by definitions the terms in ∆ diss−product will have at least two factors of first order dissipative data (Θ, σ µν and V µ ) 3 . In the regime where the derivative expansion is valid, these terms are always suppressed compared to ∆ 2nd−order and so they can not change the sign of the divergence. Hence these terms are not important for our purpose. We should note that the terms in the third of equation (5.18) also fall in the same category and the above argument applies to them as well.
Now we have to analyse the terms of the form ∆ diss−imp . The terms here are of the form of a first order dissipative data times a second order I 2 type dissipative data 4 . We should note that the last two terms in equation (5.18 ) are also of the same type as ∆ diss−imp . These are the terms that could locally violate the positivity of the divergence since it is possible to have a fluid configuration where at a given point in space-time locally a first order dissipative data has same order of magnitude as some second order I 2 type data. But suppose at third order, the entropy current is such that its divergence generates fourth order terms of the form (I 2 )
2 . Then it would always be possible to absorb the ∆ diss−imp into full square terms. In other words, if we consider only ∆ 2ndorder and ∆ diss−imp , the expression of divergence is essentially a quadratic form in the space of first order and the second order I 2 type dissipative data. By adding J µ ext we generate appropriate terms of the type (I 2 ) 2 so that we could finally diagonalize the quadratic form. Schematically the diagonal form will be as follows.
Divergence ∼(Coefficient) 1 × (1st order dissipative + 2nd order I 2 type dissipative) 2 + (Coefficient) 2 × (2nd order I 2 type dissipative) 2 + higher order terms
Then we have to impose that the coefficients of these full-square terms are always positive to ensure the positivity of the divergence [9] , [15] , [16] . In [9] it has been argued that it is always possible to add such higher order corrections to the entropy current so that it produces appropriate I 2 2 type of terms. These are the corrections which we have called J µ ext . Here we shall explicitly construct them for this example of 2nd order charged fluid. As mentioned before, it will be of third order in derivative expansion. However, we should emphasis that J µ ext is not the complete or the most general construction of the third order entropy current. Its only role is to show that we do need to impose any further constraints on the second order dissipative transport coefficients to ensure a local entropy production.
So our task is to construct 3rd order vectors whose divergence will have one scalar term of the form (I 2 type dissipative data)
2 . Now from table [4] we have two I 2 type dissipative scalars , three vectors and two tensors. In [9] we have a general algorithm to construct these vectors. Here we shall simply apply it for each (I 2 ) 2 type dissipative data 5 .
In the equations of (5.22) 
The divergence of J µ ext will generate the required I 2 2 type of terms but along with that it will also generate terms of the form (f irst order dissipative data) × (3rd order dissipative I 3 type data)
where following the notation of [16] , I 3 type data denotes a third order term where all the three derivatives act on a single fluid variable. These are again terms which can locally violate the entropy production for some very specific fluid profile and following the similar logic as mentioned above we need to add corrections to the entropy current so that I 2 3 type of terms are generated. Thus it might seem that we shall enter an infinite recursion loop if this is our method to construct one example of entropy current with non negative divergence.
However here we are interested upto a given order in derivative expansion (2nd order for the entropy current and 3rd order for the divergence). Though in J µ ext we analysed some third order pieces of the entropy current, its only purpose was to ensure that even in the rare cases where a particular first order data locally at some point in space-time is equal in magnitude to some second order data, the local entropy production is still valid. Similarly I 2 3 terms would be required if we further want the divergence to be positive when some very particular first order order data is locally as small as some third order data. But since in our calculation we are anyway insensitive to corrections as small as third order in derivative expansion, we could safely truncate this procedure once we have generated I 2 2 type of terms. So finally the full entropy current is as follows. 
Here we have absorbed the last two lines of equation (5.18) in the redefinition of the coefficients s i to s
As we have argued before that ∆ ′ diss−product is not important from the point of view of positivity of the divergence. The rest will be positive definite provided
and also
Buts i ,ṽ i andt i are arbitrary coefficients in the entropy current which we could choose to be anything. The only physical content of the above constraints (5.27) and (5.28) are the inequalities to be satisfied by the first order transport coefficients which we have already obtained in the first order analysis as given in equation (5.20).
Hence we see that for parity even charged fluid, if the stress tensor and the current are compatible with the existence partition function and the first order dissipative transport coefficients satisfy appropriate inequalities, then we can construct an entropy current with non-negative divergence everywhere upto second order in derivative expansion. In [9] this has been argued abstractly to all orders. Here we explicitly see how the argument goes through for a complicated example.
The ambiguities
In the previous sections we have constructed one example of entropy current whose divergence would be positive definite (upto third order in derivative expansion) on any solution of the most general fluid equations. However, as we have mentioned before, this construction is not unique. In this section we shall try to parametrize the non-uniqueness of our construction. We shall try to see what other terms we could add to the entropy current without affecting the property that its divergence is positive-definite.
Our entropy current has three parts. The first part is the canonical piece of the entropy current J µ can . This is completely fixed in terms of the stress tensor and current and there is no ambiguity involved here.
The next part is S µ , which has been determined from the total derivative pieces generated under a variation of the equilibrium partition function. Here we could have several other choices. Firstly the partition function is itself defined only upto total derivatives. Secondly while writing a covariant version of S µ fromŜ µ (see section(5) for notations) we could always add terms that are of order O(∂ 2 0 ), when evaluated on {û µ ,T ,ν}. These are the ambiguities that are there within the algorithm itself as spelt out in section (2) . But even after fixing these choices somehow at the level of algorithm , there is still some room for further modification of S µ . In many cases, there exist terms whose divergence vanish identically and clearly addition of such terms to the entropy current is not going to affect the condition of local entropy production.
The last part of the entropy current is J µ ext , but this is higher order in derivative expansion, constructed just to show that the divergence of J µ can + S µ could be written as a sum of squares. Our analysis is in no sense complete if we are going to consider the third order terms as well in full generality. Hence in J µ ext a lot many terms could be added, but we are not concerned about them in our present analysis.
Here we shall strictly restrict ourselves to 2nd order in derivative expansion and shall try to parametrize the ambiguity in the entropy current constructed upto this order.
Addition of terms with zero divergence
Now we shall construct the terms whose divergence vanish identically. It is clear that any such has to be of the form (D ν K µν ) where K µν is an antisymmetric tensor. Since we are interested in 2nd order in derivative expansion, in our case K µν has to be of first order. So here we need to count and parametrize all such antisymmetric tensors at first order in derivative expansion. Now there are two ways we can construct them. One is by antisymmetrizing a direct product of a first order vector and u µ . From table [1] we have three on-shell independent first order vector, {D µ T, D µ ν, V µ }. So this way we could construct three antisymmetric tensor. The second way is to antisymmetrize D µ operator with some zeroth order vector ( u µ and A µ ). So finally there exist 5 independent constructions for K µν . These are as follows.
[
Therefore we shall have a 5 parameter ambiguity at this stage.
Ambiguity in the partition function
As we have mentioned that the partition function is only defined upto total derivative terms. But since it is these total derivative terms in the partition function that are required to construct the entropy current, two equivalent partition functions differing only by total derivative pieces will have two different structures for S µ . But the difference must not have any impact on the constraints imposed by condition of local entropy production. In this section we shall see that in the case of charged fluid at second order in derivative expansion the difference between two such S µ s can always be recast in a form so that its divergence vanish identically. These are exactly the terms we have already described in the previous subsection. See [4] for a general argument.
The total derivative terms that we could have added to the partition function (as given in equation (3.2) ) are the following.
Where M 1 , M 2 , M 3 and M 4 are some arbitrary functions ofT andν. Using the same prescription as described in section (2) we could determine the components of (Ŝ µ total derivative ) from the partition function.
We have to covariantize (Ŝ µ total derivative ), that is, we have find a covariant current (S µ total derivative ) such that when evaluated on {û µ ,T ,ν} it reduces to (Ŝ µ total derivative ). Now by explicit evaluation we see that the first four terms of S 
This is in accordance with the general argument presented in [4] . We could clearly see that any total derivative term in the partition function can be absorbed as terms with zero divergence in the entropy current. Therefore the ambiguities in the partition function does not introduce any new structure in the entropy current once all the divergence free vectors are taken care of at any given order in derivative expansion.
Ambiguity in covariantizingŜ µ
We have determinedŜ µ from the total derivative piece of the partition function and then we have followed some replacement rule as given in (5.9) to determine the covariant S µ . But this is a tricky short cut to get the covariant current. We always have the freedom to add terms to S µ that either vanish or evaluate to terms of order O(∂ 2 0 ) on {û µ ,T ,ν}. In this subsection we would like to parametrize all such different choices that were possible at the level of covariantization ofŜ µ . We shall start by some counting. At any order the most general entropy current has to have the following form
Now from table [2] and table [3] there are 16 scalars and 17 vectors for parity even charged fluid at second order in derivative expansion. So to begin with the most general entropy current at second order could have 33 terms. Among them 7 are already determined from the partition function and 5 more can be rewritten as terms with zero divergence (see equations (5.10) and (6.1)). So we still could add 21 independent terms. Among these 21, only those are allowed which evaluate to O(∂ 2 0 ) on {û µ ,T ,ν}. Clearly we have to look for the dissipative data in table [4] . It turns out that among these dissipative data only 6 satisfy the above criteria. So we have 6 choices at this stage.
So in our case, even after using the algorithm as explained in section(2), we would have an 11-parameter choice or ambiguity in determining S µ . We have already seen that the first 5 parameters {a i }, do not have any impact on the condition of local entropy production since their divergence vanishes identically. Now we shall analyse the impact of the last 6 such parameters as given in S µ B . We have compute the divergence of S µ B . First we shall compute the divergence of the first 5 terms in equation (6.5) .
From equation (6.6) it is clear that addition of these five terms will simply shift the coefficients s i , v i and t i as defined in equation (5.6) and (5.7). Hence addition of these new terms to the entropy current (or rather this ambiguity in the prescription to determine the entropy current from the partition function) will not have any impact on the physical constraints on the transport coefficients. Now we shall analyse the sixth term in S µ B .
In equation (6.7) the last term could potentially violate the positivity of the divergence. Hence we have to set b 6 to zero. But we should emphasize that the algorithm we have used to determine S µ , could not fix this b 6 coefficient. Once we have determined S µ , we have to compute its divergence explicitly. If our choice of S µ turns out to be such that its divergence generates a term of the form (u. So finally we have a 10 parameter-ambiguity in the final form of the entropy current, that is, if we have one example of entropy current for charged fluid at second order in derivative expansion, we could add 10 more terms to it without affecting the property that its divergence is always non-negative.
Conclusions
In this note we have tried to construct the entropy current for parity even charged fluid at second order in derivative expansion. We assumed that the entropy current should be such that its divergence is always positive definite on any solution of fluid equations. Secondly in equilibrium, the integration of the zero component of this current on any space-like slice should reduce to the total entropy of the system. We have used the algorithm described in [9] to construct one example of the entropy current and then we have analysed the ambiguity that is there in the algorithm. Finally we arrived at the most general form of the entropy current at second order in derivative expansion such that its divergence is non negative for every fluid flow consistent with the conservation equations. It has 17 free coefficients that are arbitrary functions of temperature and chemical potentials. 7 of them are generated from the equilibrium partition function and therefore impose constraints on the transport coefficients. Rest 10 are in the form of 'ambiguity' and therefore does not give any constraints on the constitutive relations. In some sense these 10 coefficients are not physical in our analysis since we do not know how to measure them in any physical experiment. These are terms that are non-zero only in a time dependent solution and 5 of them contribute to the local production of entropy. In our analysis these coefficients are completely free. It is an interesting question to explore whether these coefficients also satisfy some equations among themselves or with other transport coefficients. We know that these coefficients contribute in the production of entropy in non-equilibrium flow. For any non equilibrium fluid profile that connects two particular equilibrium we could compute the total production of entropy independently in two different ways. One is using the partition functions at the two ends and the second is integrating the entropy production over the profile. The constraint that the final answer derived using two different methods should match, might give some new non-local equations on the coefficients so far not determined from our local analysis. As we have mentioned before that here our purpose is just to show how the algorithm presented in [9] works for the complicated example of parity even charged fluid at second order. Also we implicitly determined the constraints on the transport coefficients to be imposed at this order. We call it implicit because we have not fixed the fluid frame to any standard one. Only restriction on our frame is that the velocity, temperature and chemical potential reduce to {u µ ,T ,ν} in equilibrium. Because of this, the results presented here cannot be directly compared with the other computations of the constitutive relations, for example the holographic one done in [10] , [12] . It would be a straightforward exercise to fix a fluid frame and recast the constraints on the transport coefficients in standard language. We leave that for future work. Other obvious extensions would be to complete the analysis for parity odd sectors, for multiple abelian and non-abelian charges and to other dimensions.
Finally it would be interesting to see how this entropy current could be realized in a holographic set-up, in particular how the connection between the equilibrium partition function and the entropy current is encoded in the gravity dual of a fluid theory. In the process we might set up a connection between the ambiguities in these two different language. This might also hints at how to formulate the 2nd law of thermodynamics in a higher derivative gravity set-up.
A. Divergence of S µ
Here we shall derive the equations (5.11) to (5.17). As mentioned before, we shall not use any equation of motion for this derivation. This is essentially a rewriting for the expression of divergence in some convenient basis of off-shell independent fluid data. For example, whenever we shall see a term of the form a term of the form D µ u ν , we shall decompose it in terms of σ µν , ω µν , Θ and a µ .
But equation (A.1) is an identity and true for any u µ as long as it is normalized to (−1).
A.1 Divergence of the first term in S µ
These are the steps required to derive equation (5.11) .
A.2 Divergence of the second term in S µ These are the steps required to derive equation (5.12) .
A.3 Divergence of the third term in S µ These are the steps required to derive equation (5.13).
A.4 Divergence of the fourth term in S µ These are the steps required to derive equation (5.14) .
Now we shall simplify the last term in the square bracket in equation (A.5).
To go from 2nd line to 3rd line we have used the following identities.
Adding equation (A.5) and (A.6) and multiplying both sides by an overall factor of 4, we arrive at equation (5.14).
A.5 Divergence of the fifth term in S µ These are the steps required to derive equation (5.15) .
Now we shall simplify the third and the fourth term separately.
In the 6th line we have used the Bianchi identities for both F ab and f ab
For the fourth term also we can use the similar tricks.
Here we have used the following notations
Combining equations (A.8), (A.9) and (A.11) we could arrive at equation (5.15).
A.6 Divergence of the sixth term in S µ These are the steps required to derive equation (5.16) .
A.7 Analysis of the seventh term in S µ The analysis of the seventh term in the partition function is a bit more complicated. So we are giving more details in subsection. Taking the variation of of the partition function with respect to the metric we get the following.
(A.14)
In the third line and the sixth line we have used the following formula for the variation of the Ricci tensor and the Christoffel symbols. 
We shall use the following substitution.
Using the substitution as given in (A.17) we shall write a covariant version for the correction to the entropy current generated by this term.
By explicit evaluation on {û µ ,T ,ν} and the background as given in equation (3.1) we could check that S µ (7) reduces toŜ µ (7) upto order O(∂ 0 ). For the convenience of computation we shall rewrite equation (A.18) in a different form using the following identities. The steps are as follows
Correction to the entropy current = S µ
= K(R + 2u a u bR ab − 3ω 2 )u µ − 2KD ν σ µν − 2 3 The divergence of the second term:
The divergence of the third term: In the last line we have again used the first identity in equation (A.19).
The divergence of the fourth term: 
For any function B, dependent on fluid variables and their derivatives, we have a corresponding symbolB which denotes the same quantity evaluated on {û µ ,T ,ν} and in static background G µν and {A 0 , A i }. By DM we denote the following. 
